The initial version of a Stefan problem is the melting of a semi-infinite sheet of ice. This problem is described by a parabolic partial differential equation along with two boundary conditions on the moving boundary which are used to determine the boundary itself and complete the solution of the differential equation. In this paper firstly, we use variable space grid method, boundary immobilisation method and isotherm migration method to get rid of the trouble of the Stefan problem. Then, collocation finite element method based on cubic B-spline bases functions is applied to model problem. The numerical schemes of finite element methods provide a good numerical approximation for the model problem. The numerical results show that the present results are in good agreement with the exact ones.
Introduction
Many problems in various areas of applied mathematics and engineering can be modelled as partial differential equations posed in domains whose boundaries are to be determined as part of the solution. Such problems are usually referred to as moving boundary problems. Base of Stefan problem was started with reference to early work of J. Stefan [1] who is interested in melting of the polar ice cap. We encounter these type of problems in wide-ranging applications physical and biological sciences, engineering, metallurgy, soil mechanics, decision and control theory. In these mentioned areas, the material undergoes to changing phase with a moving boundary that has to be determined as part of the solution. As a result, Stefan problems are non-linear problems and thus have the limited analytical solutions. Due to the shortage of the analytical solutions, numerical methods have been used more commonly [2] .
There are two numerical techniques to obtain the solution of the Stefan problems. The first one is the front-tracking method, in which the position of the moving boundary is continuously tracked by some iterative procedure. Variable space grid method [3, 4] , variable time step method [5] and heat balance integral method [6] are examples of tracking methods for the moving boundary. The other approach is to use a front-fixing methods. Boundary immobilisation method [7] , isotherm migration method [8, 9, 10] and enthalpy method [11] are alternatives to fix the moving boundary.
In this paper, we are going to concern with the melting of a semi-infinite sheet of ice, initially at the melting temperature taken to be zero. Firstly, we are going to apply variable space grid method, boundary immobilisation method and isotherm migration method. Then, we are going to obtain numerical solutions with finite element method (FEM) based on cubic B-splines. The computational results of temperature distribution, the position of the moving boundary and the velocity of moving boundary are given in the section 8.
Model problem
In the one-dimensional Stefan problem, the function U(x,t) is temperature distribution governed by the heat equation
subject to U(0,t) = 1, U(s(t),t) = 0, t > 0
boundary conditions where U(0,t) is the constant surface temperature. Also, one further condition is needed on the moving interface to determine the position of the interface itself which is known as Stefan condition. In this problem Stefan condition is
with the initial condition
where s(t) is the position of the moving boundary and Ste = c∆t L is the Stefan number, c is the specific heat capacity of liquid, ∆t is a reference temperature and L is the latent heat.
The model problem has the exact solution for temperature distribution and the moving boundary
where parameter λ known as melting/solidification parameter is root of the transcendental equation
The exact solution is used to initialize the numerical computations and compare the numerical results for temperature distribution, the velocity of moving boundary and the position of moving boundary.
This problem has been recently solved by Savovic' & Caldwell & Kwan [12] with employing the nodal integral method (NIM) and finite difference method (FDM) constructed on boundary immobilisation method. We have compared the numerical solutions reached in reference [12] and the present solutions obtained using finite element method.
Cubic B-splines collocation finite element method
Let us divide interval [a, b] into N uniform elements consisting of the knots x m such as a = x 0 < x 1 < ..
. So U N (x,t) approximate solution for U(x,t) can be written as
where φ m are trial functions given following expressions and δ m are time-dependent variables which will be determined boundary and collocation conditions for the Stefan problem. The cubic B-spline bases functions are defined by the c 2016 BISKA Bilisim Technology following relationship
where 
Variable space grid method
Murray and Landis [3] kept the number of space intervals between x = 0 and x = s(t) constant, equal to N, for all time.
As a result, the moving boundary is always on the N th grid line. In that case, the grid size must be x = s(t)/N which is changed with the time.
For the line x i , partial differentiation with respect to time t is given by the following equation
and at the i th grid point variation of dx dt is given as
By substituting (12) into (11) 
subject to (2)-(4) boundary and initial conditions.
By substituting U and its derivatives U ′ ,U ′′ given with equation (10) into equation (13), we obtain the following equatioṅ
And using Crank-Nicolson approach and forward difference approximation for two time levels n and n + 1, such as
where δ n m are the parameters at the time n∆t and "·" demonstrates derivative respected to time. We have the finite element system by using some mathematical operations
where the coefficients are
for finite element method based on variable space grid method. In this schemes, s is the position of moving boundary,ṡ is the velocity of moving boundary, h n (≡ ∆ x n ) is mesh size and k(≡ ∆t) is time step.
Furthermore, for finite element method based on variable space grid method (VSG-FEM), s(t) is updated at each time step by using a suitable finite difference form of the Stefan condition
. Therefore we are going to use the following three point backward difference at the moving boundary
[14] and forward difference approximation for
So, iterative relation of moving boundary is obtained as N is updated each time step where N is the number of element. For the VSG-FEM, temperature distribution U n m ∼ U(x n m ,t n ) is calculated at the points x n m = mh n ,t n = t 0 + nk where t 0 is initial time.
Boundary immobilisation method
Boundary immobilisation method based on fixing moving boundary is a convenient method to solve Stefan problems. In this method, by using transformation of x = ξ s(t)
, moving interface x = s(t) is turned into fixed boundary ξ = 1, at new coordinate system (ξ ,t). This approach firstly was used by Landau [7] and applied to moving boundary problems by using finite difference and finite element methods in recent years [10, 11] .
In coordinate system (ξ ,t), reformulation equation of (1) can be written as
So dimensionless Stefan problem becomes
boundary conditions and (4) initial condition. And exact solution (5) turns into equation
along with equations (6)- (7). Differently from variable space grid method Stefan condition takes the form at ξ = 1
with the aid of three point backward difference at the moving boundary in the transformed coordinate system (ξ ,t)
and (17) forward difference approximation for
As the finite element method is applied to equation (19) which is obtained by using boundary immobilisation method subjected to (20) boundary conditions, we track similar way with variable space grid method. By using equation (10) defined in (ξ ,t) coordinate system for equation (19), we obtaiṅ
and by using Crank-Nicolson approach and time derivative given by equation (14) we obtain finite element system (15) which coefficients are
for BIM-FEM. In this schemes, s is the position of moving boundary,ṡ is the velocity of moving boundary, h(≡ ∆ ξ = 1 N ) is the grid size and k(≡ ∆t) is time step. For BIM-FEM, temperature distribution U n m ∼ U(ξ m ,t n ) is calculated at the points ξ m = mh, t n = t 0 + nk where t 0 is initial time.
Isotherm migration method (IMM)
In the isotherm migration method, the temperature distribution U can be interchanged with the space variable x, so that the solution is evaluated x(U,t) instead of the more tridiational U(x,t) [2] . This method was proposed by Chernousko [8] and Dix&Cizek [9] who independently studied. This method provides constant boundaries to solve model problem. For this reason it is one of the most popular method for obtaining numerical solutions of moving boundary problems especially subjected to time dependent boundary conditions. Recently, Esen&Kutluay [10] have obtained numerical solutions of the Stefan problem with Neumann boundary condition by using isotherm migration method constructed finite difference method.
By using the usual partial derivatives we have derivatives
[2] and for the reason dU = 0 we have
After substituting equations (21)- (22) into heat equation (1), we obtain
subject to
boundary and (4) initial condition. And the exact solution (5) becomes the following equation
along with equations (6)- (7). Also by using three point forward difference
dt , Stefan condition takes the form at U = 1
, n = 0, 1, ... for isotherm migration method.
As the finite element method is applied to equation (23), the roles of dependent variable U and independent space variable x are changed in equation (10) given with nodal approximations. By substituting x and its derivatives subjected to U (x ′ and x ′′ ) into heat equation (1), we obtaiṅ
And by using Crank-Nicolson approach and time derivative given by equation (14), we obtain finite element system (15) for the equation (23) in which coefficients are
where
Numerical solutions of isotherm x n m ∼ x(U m ,t n ) are calculated at the points U m = mh, t n = t 0 + nk , where h(≡ ∆U = 1 N ) is the mesh size, k(≡ ∆t) is time step and t 0 is initial time.
For the finite element methods based on variable space grid method, boundary immobilisation method and isotherm migration method, we obtain same finite element system (15) subjected to different coefficients. All of these methods have tridiagonal matrix system N + 1 consisting of equations but N + 3 unknowns. To solve the system uniquely two more equations are needed. We can obtain these equations from boundary conditions of the related method. And we use in the system to eliminate fictitious parameters δ −1 and δ N+1 for m = 0 and m = N. So, the system can be demonstrated in matrix form Aδ n+1 = Bδ n + r where A, B are (N + 1) × (N + 1) tridiagonal matrixes and r is a (N + 1) basing on boundary conditions. To start time evaluation of the approximate solution, δ 0 must be determined, firstly. Now, we consider determining of approximate solutions δ 0 for variable space grid method. The others can be considered as the VSG-FEM. We take U and ξ the variables for BIM-FEM, x and U for IMM-FEM instead of U and x for VSG-FEM. To attain δ 0 vector we require two conditions for U N (x,t 0 )
(i) Initial condition U(x,t 0 ) and U N (x,t 0 ) should be equal to each other for N + 1 points.
(ii) To be able to solve the Aδ 0 = b, we need two further equations which can be obtained from the first derivatives of end points of the domain.
After we find initial vector δ 0 , we get vectors δ 1 , δ 2 , ..., δ n respectively.
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Stability analysis
We can use Von-Neumann method for VSG-FEM and BIM-FEM for the stability analysis. But, we can't use any stability analysis method for IMM-FEM because of the non-linear term Z(m) presented in the finite element schemes of isotherm migration method.
In the Von-Neumann theory, the growth factor of typical Fourier mode is defined as
where β is the mode number and h is element size. By substituting equation this equation into equation given with (15), and by performing some simplification operations we obtain
for finite element method based on variable space grid and
for finite element method based on boundary immobilisation method. For the stability of these methods, the growth factor must satisfy |ζ | ≤ 1, so
If we do essential processing we will see that the system of (15) is unconditionally stable for VSG-FEM and BIM-FEM. It should be pointed that h shows ∆ x n for VSG-FEM and ζ for BIM-FEM and k shows ∆t for both of the methods.
Numerical results and conclusion
In this section, we have demonstrated the numerical results obtained by using VSG-FEM, BIM-FEM and IMM-FEM for temperature distribution, the position of moving boundary and the velocity of the moving boundary. We have compared the present solutions and other numerical solutions obtained by using FDM and NIM (N x = 10) [12] . Due to the singularity at the t 0 = 0, we use t 0 = 0.01 to initialize the numerical procedure. To compare the other numerical solutions obtained by using finite difference, we use a constant grid number N = 10 and the time step ∆t = 0.000002 which are used in reference [12] .
It should be noted that we use two different Ste numbers (Ste = 0.2 and Ste = 1.0) for the computational results. And the values of λ corresponded to related Ste = 0.2 and Ste = 1.0 numbers are obtained by using the transcendental equation (8) , which are λ = 0.30642 and λ = 0.62006, respectively. [12] for Ste = 0.2 and t f = 1.6. In Table 3 and Table 4 , the position of moving boundary and its velocity are given together with percentage relative errors for Ste = 0.2. As the nodal integral method applies, each of node number the heat equation (1) are represented differential equations system. As a result of this, for increasing the node number it is difficult to get the numerical solutions of NIM. But we easily obtain closer numerical solutions of the position of the moving boundary and its velocity for the larger element numbers as given in the Table 5 .
In Table 5 , we present the position of moving boundary and the velocity of moving boundary for the larger element numbers, Ste = 0.2 and t f = 1.6. The obtained numerical results show that by the increasing mesh sizes three different finite element method based on cubic B-splines, VSG-FEM, BIM-FEM and IMM-FEM attain to expected convergence. In Table 6 , the numerical results of temperature distribution obtained by using VSG-FEM are compared NIM and FDM for Ste = 1.0 and t f = 0.8. Computational results have smaller percentage errors than FDM. So, it can be said that with increasing element number, temperature distribution will be expected, compared to FDM and NIM [12] . [12] for Ste = 1.0 and t f = 0.8. Table 7 and Table 8 , the position of the moving boundary and its velocity are given together with percentage relative errors for Ste = 1.0. NIM has the more accurate solution in tables, but we can obtain closer numerical solutions of the temperature distribution, the position of the moving boundary and its velocity for the larger element numbers than given in the Table 7 and Table 8 . Since the moving boundary moves faster for larger Ste numbers, the Stefan problems get difficult for larger Stefan numbers. This can be shown both for temperature distribution, the position of moving boundary and its velocity for Ste = 1.0 compared to those obtained for Ste = 0.2.
In Table 9 , we show the position of moving boundary and the velocity of moving boundary for the larger element numbers, Ste = 1.0 and t f = 0.8. It is clearly seen that newly obtained numerical solutions of the position of moving boundary and the velocity of moving boundary are so close to exact solutions for the larger element number. In this manuscript, finite element method constructed with VSG, BIM and IMM was applied to melting problem described on semi-infinite domain. The computational results was compared with the numerical solutions obtained by using finite difference method and nodal integral method. The present numerical results of temperature distribution have more accurate solution than FDM and NIM for Ste = 0.2. The newly numerical solutions for temperature distribution, the position of moving boundary and the velocity of the moving boundary are in good agreement with the exact solutions. It was shown that with increasing element numbers the numerical solutions converge to exact solutions for the position of moving boundary and the velocity of moving boundary. It can be seen the tables finite element methods based on VSG, BIM and IMM reasonably more accurate solutions for small values of Stefan numbers and larger numbers of elements. For the large numbers of elements, finite element methods can be applied the Stefan problem easily to attain a high degree of accuracy.
